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THE EFFECT OF COUPLE-STRESSES ON THE DIFFRACTION OF
PLANE ELASTIC WAVES BY CYLINDRICAL DISCONTINUITIES

H. R. AGGARWAL and R. C. ALVERSON

Stanford Research Institute, Menlo Park, California

Abstract-This investigation considers the effect of couple-stresses on dynamical stresses developed around a
circular cylindrical discontinuity embedded in an infinite medium by the diffraction of steady plane parallel
elastic compressional waves propagating in the medium. Both a cavity and a rigid cylinder with an immovable
cylinder treated as a special case of the latter are considered. Numerical results valid at large wavelengths for a
fixed Poisson's ratio showing variation of the modified stresses against different parameter ratios involved are
presented in the form of curves and compared with their classical values obtained as a limiting case. In either
case, at certain wavelengths, quite appreciable deviations from classical results occur. The effect ofcouple-stresses
on the motion of a rigid cylinder is discussed.

1. INTRODUCTION

THE linearized couple-stress theory has become an active field of research in recent years.
This theory takes into account couple-stresses and rotation gradients neglected in classical
infinitesimal elasticity theory. For centro-symmetric isotropic materials, consideration of
these effects requires the introduction of two new material constants. One ofthese constants
can be expressed as a length parameter presumably representing a size effect of the material.
Thus, in problems wherein a small geometric dimension is associated with a stressed body,
stress analysis according to the modified theory becomes highly desirable.

The influence of couple-stresses on static stress concentrations occurring around
discontinuities and at crack tips has been examined in some recent studies. Few dynamic
cases have been investigated. The purpose of the present investigation is to examine the
effect of couple-stresses on dynamic stress concentrations. The problem treated here
concerns a steady plane elastic compressional wave propagating in an infinite couple
stress medium and diffracted by a circular cylindrical discontinuity embedded in the
medium with its axis parallel to the wavefront. The computed results showing the effects
of the material characteristic length I may be used together with experiments to test the
importance or relevance of the theory in appropriate materials.

The couple-stress dynamic plane strain theory in terms of displacement potentials is
developed first from the three dimensional vector equations derived by Mindlin and
Tiersten [1] and is subsequently employed in the study of the problem. Both a cavity and a
rigid cylinder with an immovable cylinder treated as a special case of the latter are studied.
Because of the vast involved analyses associated with the problem, the present work is
limited to the part dealing only with finite frequencies.

The study shows that the modified stresses, in addition to their dependence on the
parameters reported in the studies neglecting couple-stresses, also depend on the ratio of
the radius of the discontinuity to the material characteristic length. Results for a fixed
Poisson's ratio showing variation of these stresses against different parameter ratios
involved are presented in the form of curves and compared against their classical values
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obtained as a limiting case. In either case, at certain wavelengths, quite appreciable devia
tions from the classical results occur. The results show that the modified dynamic factors
for a cavity, unlike their static counterpart, may, depending upon the incident wavelength,
be greater or smaller than their corresponding classical dynamic values. In the case of a
rigid cylinder the modified dynamic factors, for the range of wave numbers considered,
are always greater than their corresponding classical dynamic factors. For Poisson's ratio
0·25 and radius-material characteristic length ratio 3, the modified dynamic factors for
a cavity at nondimensional wave numbers (2n radius/wave length) 0·25 and 4 are, re
spectively, 13·4 per cent less and 17·3 per cent greater than the corresponding classical
dynamic values. In the case of rigid cylinder, the modified dynamic factor for the stated
parameters and nondimensional wave number 1·5 is, for different densities of the cylinder,
about 27 to 28 per cent larger than its classical dynamic value. To contrast the dynamic
deviations against the static ones, the static modified factors at the given parameters in
case of uniaxial strain are 12·4 per cent less for a cavity and 16 per cent greater for a rigid
cylinder than their corresponding classical static values. The effect of couple-stresses on
the motion of a rigid cylinder is also discussed.

2. DYNAMIC PLANE STRAIN EQUATIONS: COUPLE-STRESS THEORY

The basic three-dimensional equations governing the motion of centrosymmetric
isotropic homogeneous materials in the linearized couple-stress theory are derived in [1].
The corresponding plane strain equations are obtained by appropriately restricting the
three-dimensional equations to two dimensions. The displacement potential form of the
plane strain theory in general curvilinear coordinates will be stated here. Its derivation,
without any loss of generality, assumes the first invariant of the couple-stress tensor to be
constant, a condition necessary for a continuous transition of the linearized couple-stress
to the classical elasticity theory [2].

Let (}a, fj. = 1,2, represent a system of curvilinear coordinates in the plane of no strain
taken as (}3( = z) = 0 and k be the unit vector along the normal to this plane. The Stokes
Helmholtz displacement potentials appropriate to the plane strain case may be taken as
<p((}l> (}2) and 'I'((} l' (}2)k, and the associated set of governing equations are given as

Displacement vector

(1)

Rotation vector

(2)

Force-stress tensor

rap = '(a/ll+'[apj,

'lap) = AgaPV 2 <p + J1[2<P,aP + cYb(gpy'l',ab + gay'l',Pb)],

'(pal = 'lap), (3)

'[ap] = 11capV4
qJ, '[pal = -'lap),

'33 = ),V
2 <p, 'a3 = '3a = O.
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Couple-stress tensor

/ill = /i22 = /i33 = constant, /i12 = /i21 = O.
(4)

Equations of motion
In the absence of body forces and body couples, the equations of motion may be

taken as
dv2q> = (6, cW-12V2 )V2,¥ 'P. (5)

As noted in [IJ, equations (I) and (5) comprise the complete solution to the corresponding
displacement equations of motion.

In the above, the usual surface tensor notation [3J is followed with the exception that
a comma preceded by a subscript denotes covariant derivative with regard to that variable,
[;~p is the contravariant skew-symmetric tensor of order 2, g~P is the covariant metric tensor
and V2 is the Laplacian of the curvilinear system, V4 = V2V2

, A and /i are the Lame's
constants, '1 is the material constant resisting curvature-twist, v* is a non-dimensional
number having a character similar to that of the Poisson's ratio, I is the material character
istic length defined by '1 = jtfl, Cl and C2 are, respectively, the dilatational and shear wave
velocities, and n = a/at, t being the time.

Boundary conditions

If n~ denotes the unit outward normal at a regular point of the bounding curve in a
81 O2 plane of the body, then the boundary conditions [1, p. 4~4J reducet to in the
specification of one factor in each of the three products:

(n 1
• 11 +n2

• 21)U
1

, (n 1
• 12 +n2

• 22 )u2
, (n 1jtl3 +n2

Jt23)W
3

. (6)

For a subsequent use equations involving covariant differentiations will be rewritten
for the twospecial systems of rectangular cartesian and plane polar coordinates. The other
equations in any system are readily written in terms of physical components by employing
the Laplacian and the skew-symmetric tensor belonging to the system.

Rectangular Cartesian Coordinates: 81 = x, 82 = y.

(7)

(8)

(9)

Plane Polar Coordinates: 81 = r, O2 = 8.

t Products (6) easily follow by noting that the scalar p"" in [1] in the plane strain case is a constant thus per
mitting equation (5.16) in [1] giving p to be written as p = (n .t).
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1 oqJ 0\1'
U6 = ----.

r oe or
(10)

2 [iPqJ 1 0\1' 1 02\1'J
<rr = AV qJ+2Jl or2 - r2 ae+~ oroe '

<rr + <66 = 2(A +Jl)V2qJ,

[
2 02qJ 2 oqJ 02\1' 1 0\1' 1 02\1'J

«r6) = Jl ~ oroe - r 2 oe - or2 +~ -a,:-+ r 2 oe2 .

o 2 21] 0 2
fJ.rz = - 21] or (V \1'), Jl6z = -7 of} (V \1').

(11)

(12)

Before stating the problem, a remark on wave motion in an infinite, couple-stress
mediumt is in order. Wave analysis of potential equations (5) shows that three kinds of
waves may propagate in the medium: an irrotational wave propagating non-dispersively
with dilatational wave velocity as in a medium without couple-stresses and two dispersive
transverse shear waves, one propagating and the other non-propagating.

3. PROBLEM

A plane time-harmonic compressional stress wave propagating in an infinite couple
stress medium interacts on an infinitely long parallel circular cylindrical discontinuity
embedded in the medium, Fig. 1. It is desired to determine the stresses produced at the

y

c,

-CT.
I-V 0

---t-----K'--'----t--- x

c,

FIG. 1. Problem and coordinates.

surface of the discontinuity by the structure-medium interaction.t The problem is one of
plane strain and constitutes the dynamic analog of the problems considered in [5,6,7]
when the field at infinity is that of a uniaxial strain.

As the incident wave impinges on the discontinuity, according to the remark above,
an irrotational and two shear waves are generated and scattered into the medium. The

t A couple-stress medium from here on will be taken to mean a linear centrosymmetric-isotropic homogeneous
couple-stress medium.

t A corresponding problem for the case of a spherical cavity was considered recently in [4].
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total field thus consists oftwo fields, the incident field and the scattered field, and is obtained
by superposing the two. If the potentials (q/, 'PI) and (qJ', 'P'), respectively, represent the
incident and the scattered fields, then the potentials (qJ, 'P) representing the total field are

qJ = qJI +qJ', 'P = 'PI + 'P'. (l3)

The incident potentials are easily determined from the description of the incident wave
and the potential equations (5). The potentials for the scattered field are obtained by
solving equations (5) by the usual method of separation of variables and applying appro
priate boundary conditions at the surface of the discontinuity and the radiation conditions
at infinity. The infinite series representation thus obtained for the scattered potentials is
apt for the description of finite frequency interaction response in regions near the dis
continuity. The appropriate form of the solution suited to the study of very high frequency
very short wavelength-near or far field approximations may be obtained from the series
solution by the use of Poisson's summation formula [8] or Watson's transformation [9].
An entire investigation of the scattered field, because of the vast involved analyses as
sociated with it, would rather be an ambitious task. Accordingly, the present study is
confined to finite frequencies. To further simplify the analysis, only the cases of a circular
cavity and a rigid circular cylinder are considered.

The incident potentials, by equations (5) and the first of equations (8) and the geometry
shown in Fig. 1, are found to be

'PI = 0, (14)

where qJo = - (Jo/(pw2
), (Jo is the stress-amplitude of the incoming wave, w is the circular

frequency, and (X is the wave number defined by (X = w/Ct = 2n/A, Abeing the wavelength.
Assuming both qJ' and 'P' to exhibit harmonic time-dependence one may write

(15)

By equations (5), ips and q;s are solutions of

where

(16)

2F[3J = (1+412[32)t+(-IY,

[32 = w 2/d.

j = 1,2,
(17)

As noted in [1], the complete solution of (16) can be expressed as

where q;St and q;~ are governed by Helmholtz' equations

(18)

(19)

If the center of the discontinuity is taken at the origin of the polar coordinates, Fig. 1,
the potentials ips, q;~ and q;~, by the first of equations (l6) and equation (19~ meeting the
symmetry conditions about the initial line () = 0 and the radiation conditions at infinity
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(outgoing waves with diminishing amplitudes) may be written

00

ips = CPo L AnHn(rxr) cos nO,
n=O

00

i¥~ = CPo L BnHn(f3t r) sin nO,
n= 0

00

i¥i = CPo L CnK n(f3zr) sin nO,
n=O

(20)

where H n is the Hankel function of the first kind oforder n (the usual superscript (1) dropped
for convenience), K n is the modified Bessel function of the second kind, and An, Bnand Cn

are constants to be determined from the boundary conditions at the discontinuity surface
r = a, a being the radius of the discontinuity. One may, for convenience in algebraic
manipulations, write cpl also in series form [10]t as

00

(( I = (II '\' £ inJ (rxr) cos nO e - iWl...,) "t'O L- 'n n ,
n=O

(21 )

where Jn is the Bessel function of the first kind of order n, and £n is the Neumann's factor
defined as

£0 = 1, n ;:::: 1. (22)

Equations (13), (14), (15), (18), (20) and (21) together lead to a series representation of
potentials cp and 'P. Any pertinent field quantities may be derived by substituting the series
expressions for cp and 'P in the appropriate member(s) of the set of equations (2), (3), (4),
(10), (11) and (12).

4. THE SOLUTIONS

Cavity

The boundary conditions in case of a traction free cavity, consistent with products (6),

are

r = a. (23)

Application of these boundary conditions gives the unknown constants in equations (20)
as

t hem No. 94.

An = £nin[2i(LjM n)- Jn(rxa)]/Hn(rxa),

Bn = n£nin- t(f3zaz - 2nz+2)/[MnHn(f3t a)],

Cn = BnNnHn(f3ta)/K'(f3za),

(24)
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where

M n = nHn(rt.a)An,

N n = y2[n-hn(fJ 1a)]/[n+kn(fJ2a)], y2 = f3iff3L

An = (f32a2/4)(f32a2-4n-4n2)(1 +Nn)

+ (f32 a2/2 - n+n3 )[hn(f31 a) - Nnkn(f32a)] +hn(rt.a)Ln,

hn(z) and kn(z) are the quotient functions, defined by

(25)

(26)

and use is made of the recurrence relations [10]

zH~(z) = -nHn(z)+zHn_ 1(z),

zK~(z) = -nKn(z)-zKn_1(z),

and of the Wronskian

(27)

(28)

The non-zero stresses at the cavity surface, from equations (11), (12) and (3) aided by
equations (5) and (19) and the boundary conditions (23), are obtained as

00

TOOlr=a = 40"0(1-I/k2) L: Gnjn+l(Ln/Mn)cosn8e-iwl,
n=O

00

POzlr=a = -40"0UZf3ifaf32) L: n2jn-l(f32a2-2n2+2)(XjMn)cosn8eiwt,
n= 1

where

k2 = f3 2/rt. 2 = did = 2(1 - v)/(I- 2v),

v being the Poisson's ratio,

X n = Yj[n + kn(f32a)],

y" = hn(f31 a)+kn(f32 a).

(30)

(31)

Fromt the asymptotic expansions of the Bessel functions Hn(z) and Kiz) for a fixed z
and large n [10, item nos. 132 and 205], it is seen that the series asymptotic to the infinite
series in equations (29) converge absolutely and uniformly by the ratio test for finite
nondimensional wave numbers rt.a (and therefore for finite frequencies). A comparison
test further applied to the latter series establishes their absolute and uniform convergence
at finite rt.a. The non-suitability of the solution at very large frequencies is easily seen from
the fact that no asymptotic expansion uniformly valid for alliarge n is available.

t The remarks here apply equally to all infinite series to appear subsequently.
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The corresponding results in the special cases of the classical dynamic theory and the
static theories with and without the couple-stresses may be obtained from equations (29)
through limiting processes:

lim
I ~ 0 (dynamic couple-stress case) ~ dynamic classical case,
w fixed

lim
OJ ~ 0 (dynamic couple-stress case) ~ static couple-stress case,

I fixed

or
lim (dynamic classical case) }
w~O

~ static classical case.
lim (static couple-stress case)
1~0

The results in these special cases are as follows:

Dynamic case classical theory
00

TOOjr=a = 40-0(1-I/k2) L Enin+ I(L~/~) cos n8 e- iwt
,

n=O

TOrlr=a = Ilozlr=a = 0,

where

(32)

(33)

L~ = fJ2a2/2-n+n3 -(n2-I)hn(fJa),

~ = nHn(aa),1.~,

,1.~ = (fJ2a2/4)(fJ2a2-4n -4n2)+ (fJ2a2/2 - n+ n3)hn(fJa) + hn(aa)L~.

The plane stress version of this case was previously studied by Pao (II] and equations
(32) agree with his results after necessary modifications.

Static case couple-stress theory

0-0 [2(1-2V) J
TOOlr=a = -- 1- I F cos 20 ,

I-v + I

20-0 [2+k t (a/I)]Ft sin 28
TOrlr=a = - k2(1 +Fd

2ao-oFt cos 20
Ilozlr=a = k2(l + F

t
) ,

where

Static case classical theory

0-0 • OJT881r=a = --(1-2(1- 2v) cos 2 ,
I-v

TOrlr=a = Ilozlr=a = O.

(34)

(35)

(36)
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Equations (34) and (36) agree, respectively, with the results for the uniaxial strain case
obtained from [5] and [12],

Equations (32), (34) and (36) utilize the following approximations:

For {J2F -+ 0,

{Ji = (J2[1 +OW{J2)],

y2 = {J2/2[1 +0(/2(J2)].

For z -+ 0, z real (see [10]),

(37)

2i
Ho(z) = -lnz+O(I),

n
2i

Ht(z) = --+O(zlnz),
nz

(n-l)'(2)nHn(z) = -i-
n
-' ~ [1 +0(Z2)],

1
ho(z) = -I-[1 +O(l/ln z)],

nz

n ~ 2,
(38)

Z2
h2(z) = 2[1 +0(z2 In z)],

For z -+ 00, z real (see [to]),

n~3.

kn(z) = z[1 +O(ljz)], n ~ O. (39)

Rigid cylinder. Finite density
The boundary conditions for a rigid cylinder of finite density Pc, consistent with

products (6) are

U, = U cos 0, Uo = -U sin 0, W z = 0, r = a". (40)t

where U is the x-displacement of the cylinder. The quantity U is determined from the
force-balance equation

(41)

where M is mass per unit-length of the cylinder. In view of the third of the boundary
conditions above and the periodicity of the circular functions sin nO the equation for the
rate of change of angular momentum

where 1 is the axial moment of inertia of the cylinder, is automatically satisfied.

t From symmetry of the problem, there is no vertical motion and no rigid-body rotation about its axis of the
cylinder.
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Application of these boundary conditions gives the unknown constants appearing in
equations (20) and the displacement U as

where

B1 = 4(s-1)/[mH dfJta)],

An = -2in[Jn(aa)+2ixn/mn]/Hn(aa),l
n'2:. 2,

Bn = 4nin-t/[mnHn(fita)],

(42)

(43)

s = Pc/p,

(44)

and use is made of the recurrence relations (27) and the Wronskian (28). The stresses at the
surface of the cylinder, from equations (1t), (12), and (3) together with the use of equations
(5) and (19), are obtained as

(45)

and

fJ,Ozlr=a = o.
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For the special cases described earlier, the pertinent limiting processes aided by ap
proximations (37-39) give

Dynamic case classical theory

,,,1,=0 = 20"0[l/{ imxaH I (xa)} + (2/mO
){s +1- sh l (f3a)} cos 8

00

+2 I (i"- 1/m~){ n - hn(f3a)} cos n8] e - iW',

n=2

00

'r8Ir=0 = -40"0[(1/mO)(s-1) sin 8+ L (nin-l/m~) sin n8] e- iWI
,

.=2

where

(46)

(47)150 = 4- (s + l)[h I (rta) + hI (f3a)] + sh 1(cw)h I (f3a),

b~ = -nh.(rta)-nh.(f3a)+h.(rta)h.(f3a).

The plane stress analog of this case was previously considered by Pao and Mow [13].

Static case couple-stress theory

_ [ 2(1- 2v) cos 28J
'rrlr=a-O"O 1+ 3-4v-F

2
'

'88Ir=a = (1-2/k 2
)'rrlr=a,

20"0(1- 2v) . 28
'r8Ir=a = - stn3-4v-F2 '

20"0aF2 .

Ilrzlr=a = - k2[3-4v-F
2

] sm 28,

where

4(1-v)
F2 = 2+k

I
(a/l)·

Equations (48) are in agreement with the corresponding results deduced from [7].

Static case classical theory

[
2(1-2v) ]

'rr\r=a = 0"0 1+ 3 -4v cos 28 ,

20"0(l-2v) . 28
l"r8I,=a = 3-4v sm ,

which agree with the stress field for the uniaxial strain case derived from [12].

(48)

(49)

(50)
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In either static case, the real part of the displacement of the cylinder is zero (see Appen
dix)and as a consequence the boundary conditions (40) reduce to their usual form employed
in static studies [6,7, 12).

Rigid cylinder. Infinite density
The stresses developed at the cylindrical surface of an infinitely dense rigid cylinder

may be obtained from those for a finitely dense cylinder through the limiting process letting
the density ratio s go to infinity, This gives:

Dynamic case couple-stress theory

00

TrlJlr=a = -40'0(1+y2) L (nin-llmn)sinnOe-iwt,
n=l

00

f..I.rzlr=a = -80'0(Ppi/a[32) L nin-1(Yn/mn) sin nO e- iwt.
n= 1

Dynamic case classical theory
00

Trrlr=a = 20'0 L (I;nin-llm~){n hn([3a)}cosnOe- iwt,
n=O

(51)

ex,

T - 4,. " (nl'n-1/mn) s,'n nil e- iwt,rlJlr=a - - vo L. v
n=l

f..I.rzlr=a = O.

Static solution. Long wavelength approximation
The static solution, the zero-frequency limit of the dynamic solution, goes singular in

both the couple-stress and the classical theories in the present case. The singularity arises
out of the n = 1 terms in equations (51) which tend to infinity as w ~ O. The principal forms
of the n = 1 terms at small frequencies obtained from the use of approximations (37)
and (38) are

(1) Z . 8TrlJlr=a ~ - sin ,

(1) - (1 21k2 ) (1)LlJlJlr=a - - Lrrlr=a,
(53)

where the superscript (1) is used as a label reference to the source of these terms and

Z = 2iO'o/[(1 +k2)rxa In(rxa)). (54)

The first three of the asymptotic forms (53) do not depend upon the parametric length I and,
therefore, also represent the principal forms of the n = 1 terms in equations (52), t As I ~ 0,

t The asymptotic expressions (53) differ from the ones given in [13J which seem to be in error.
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by equation (3n l2k 1(a/l) -+ 0 and, consistent with the last of equations (52), JL~~) -+ O.
The other terms in equations (51) and (52) being the same as in equations (45) and (47),
approach their usual limits displayed through equations (48) and (50).

The static solution in either theory, being independent of the density of the inclusion
(see [6, 7, 12]~ should be one and the same for both the finitely dense and the infinitely
dense cylinders. A satisfactory explanation of the infinite stresses (53) still remains wanting
in literature. One possible explanation of this singular behavior is offered by the following
reason.

Small frequency approximation of the displacement of a finitely dense cylinder (Appen
dix) shows that while the real part of the displacement vanishes in the limit, its imaginary
part tends to infinity. Holding the cylinder fixed in space requires the annihilation of the
latter component of the displacement which calls for an infinite amount of energy which
in turn would generate infinite stresses at the surface of the cylinder. Since only the n = 1
terms contribute to the force on the cylinder, the infinite surface stresses manifest themselves
through these terms.

It may be noted in passing that there is no translation of the cylinder in the present case
(see Appendix) and the usual static boundary conditions are again recovered.

5. NUMERICAL RESULTS

The force-stress tensor in couple-stress theory is asymmetric and thus a stress state in
general cannot be reduced to a principal stress state. Accordingly, a stress concentration
factor defined as the greatest local stress produced, unlike in the classical theory, does not
lend itself to a simple interpretation in couple-stress theory. The numerical work here
presents the redistribution of the (modified) stresses at the discontinuity surface and explores
the effect of couple-stress on the classical stress distribution and concentration factors.
Suited to this objective, the surface stresses will be normalized by taking (10 = 1. The norma
lized stresses will simply be called stresses, for convenience, in the sequel.

Inspection of equations (29), (45), and (51) shows that the modified boundary stresses
are complex functions of the parameters: e, v, (Xa, a/I and also of s if the discontinuity is a
cylinder. If one writest a typical stress r in its polar form

r = r*(e, v, (Xa, a/I, (s)) e- irol = Ir*1 e-i(rol-e),

where Ir*1 denotes the absolute value of the stress and 8 = phase r*, then it follows that the
absolute value of the stress at a particular station occurs at time t = 8/ro. Because of the
dependence of the phase r* on the polar angle e, the absolute value, for the given values of
the other parameters, is attained at different locations at different times. The absolute value
of a stress affords a convenient measure of the stress distribution and would be so adopted
here.

The surface stresses at a given location, as stated above, depend parametrically on the
values of v, (Xa, a/I and (s). Since the effect of Poisson's ratio on the stress distribution is of
secondary concern here, it (v) is fixed at 0·25 in the present work. And, for a similar reason
again, s is restricted to values 1,2 and 00. Next, as remarked earlier, the infinite series rep
resentation of the stresses is valid only at finite frequencies. The rate ofconvergence of these
series is fast at small frequencies. Accordingly, the nondimensional wave number (Xa is

t The symbol (s) is to be understood here to mean dependence on s where relevant.
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let range from 0 to 4'5, this range presenting a broad spectrum oflarge incident wavelengths.
Lastly, in accordance with the notation made by Mindlin [5, p. 6] the lower limit of the
range of the radius-material characteristic length ratio, all, is restricted to one.

For given values of the parameters, the stresses at a particular station are obtained by
summing up the real and imaginary parts of the associated infinite series and then acquiring
the absolute value of the resulting complex number. This was accomplished on Burroughs
B5500, the series being truncated when the absolute value of the last significant term was
less than 10- 5

. Since the stresses are either symmetrical or antisymmetrical about x-axis,
the variation of stresses against the polar angle are displayed only for 0 ::; 0 ::; 1L

Cavity

The variation of the absolute values of the modified surface stresses rto and rtr vs. 0
for all = 3, and (f.a = 0·25 and 4, computed from the first two of equations (29) are shown
in Figs. 2 and 3, respectively. The modified Irtol stresses at the critical locations 0 = 0,

3r-----r---,---,----,----r-----r---,---,-------,
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FIG. 2. Effect of couple-stresses on distribution of normalized stress 1,1161 at a circular cavity.

aO =4.0

aO =0.25

v =0.25
01(, = 3.0

180 160 140 120 100 80 60 40 20 o
eO

FIG. 3. Distribution of normalized stress 1,:.1 at a circular cavity.
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FIG. 4. Effect of couple-stresses on normalized stress 11":61 at locations 0 = 0, nl2 and n of a circular
cavity vs. wave number.

nl2 and n of the cavity for varying cxa and all = 3 are displayed in Fig. 4. Corresponding
curves for the classical case, all = 00, obtained from the first of equations (32) are also
presented in these figures for comparison. One sees in Figs. 2 and 3 that tht:: absolute stress
distribution is nearly symmetric about 8 = nl2 for cxa = 0·25 and not symmetric for
cxa 4'0. This is to be expected since the zero frequency, static limit is symmetric. The figures
show that the modified stresses at certain wavelengths appreciably differ from their
classical values. Figs. 2 and 3 display the relative importance of the hoop stress roo com
pared to the shearing stress r Or • From Figs. 2 and 4, it is seen that the modified peak value
of I.:olr::o at a given wave number cxa occurs, as in the classical case, at around () n12,
the top peak value occurring at about cxa = 0·25. Although not a principal stress, the
modified peak values of rto provide a convenient measure of dynamic stress concentration
factors in the modified theory. The modified dynamic factors thus defined for cxa 0'25,
1·5 and 4·0 and varying all are plotted in Fig. 5, wherein for comparison purposes, the
corresponding static curve, aa = 0, obtained from the first of equations (34) and (36) is
also displayed. Figs. 4 and 5 show that the modified dynamic factors unlike their static
counterpart may, depending upon the size of the incident wavelength, be greater or smaller
than their corresponding classical dynamic values. The results show that for v 0·25
and all = 3·0, the modified dynamic factors at cxa = 0·25 and 4·0 are, respectively, 13-4
per cent less and 17·3 per cent greater than the corresponding classical dynamic factors.
To compare the dynamic deviations against the static one, the static modified factor for the
uniaxial strain case at all = 3, Figs. 4 and 5, is 12·4 per cent less than its corresponding
classical static value.

Rigid cylinder
Inspection of the second of equations (45) and its analogs in the limiting special cases

shows that at the cylindrical surface ITtol < IT::'I. Accordingly, the distribution of stresses
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FIG. 5. Modified dynamic stress concentration factors at a circular cavity in a field of uniaxial strain.
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FIG. 6. Effect of couple-stresses on distribution of normalized stress It::'1 at a rigid circular cylinder.

r:;' and r~e only wiII be considered here. Fig. 6 shows the plot of Ir~~ at r = a vs. e for
rxa = 1'5, and (s, a/I) = (1, 3), (1, (0), (00,3), (00, (0), respectively, computed from the first
of equations (45), (46), (51) and (52). The figure suggests that for a given wave number, the
modified peak values of Ir~rl occur, as in the classical case, at e = n. For the above (s, a/I)
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pairs, curves for critical locations 8 = 0 and tt and varying aa, the pertinent static values
computed from the first of equations (48) and (50), are presented in Fig. 7. The curves show
that the modified results especially the ones for e= tt greatly differ from the classical results.
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FIG. 7. Effect of couple-stresses on normalized stress I,~l at locations 0 '" 0 and 1t of a rigid circular
cylinder vs. wave number.

For the stated values of the parameters the absolute values of t:o for varying (), obtained
from the third equations of (45), (46), (51) and (52) are plotted in Fig. 8. As shown in this
plot the stress t:o vanishes at e= 0 and tt. Simple algebra shows that the modified stress

s =ro
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FIG. 8. Effect ofcouple-stresses on distribution of normalized stress I,t~ at a rigid circular cylinder.

rJ. also vanishes at these locations. Accordingly, for given values of s, all and aa, the
modified stress l't~!,=o at (j = 1t represents the dynamic stress concentration factor for a
cylinder in the modified theory. The effect ofcouple-stresses on dynamic stressconcentration
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factors for s = 1,2, and 00, and rxa = 1'5 is displayed in Fig. 9 wherein, for comparison,
the corresponding static curve is also plotted. Figs. 7 and 9 show that, for the range of rxa

v = 0.25

8 = .".
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2 \,, ,
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3
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FIG. 9. Modified dynamic stress concentration factors at a rigid circular cylinder in a field of uniaxial
strain.

considered, the modified dynamic factors, as in the static case, are always greater than their
classical counterparts. For v = 0·25 and a/I = 3·0 the modified dynamic factor at rxa = 1·5
is, for different densities of the cylinder, about 27 to 28 per cent larger than its classical
dynamic factor. Compared to this, the static modified factor at a/I = 3, Figs. 7 and 9,
is 16 per cent greater than its classical static value.

Acknowledgement-The authors express their appreciatiation to Mr. Vahe Sagherian of the Stanford Research
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APPENDIX

Motion ofrigid cylinder

From equations (43) and (42) one obtains the displacement U of a finitely dense rigid
cylinder in a couple-stress medium in normalized form as

U 4 2 .
- = --[1 +y +X 1] e- lW1

,

rx({)o rxam

where rx({)o is the displacement-amplitude of the incident wave. Equation (55) simplifies
in the special case s = 1 and may with the use of the recurrence relation

2H 1(z) == z[Ho(z)+H2(z)],
be written as

U
(56)

(57)

The motion in this case, being independent of /3, /31 and /32' is similar to one in an acoustic
medium.

Use of equations (37) and (38) in equation (55) gives motion at large wavelengths as

U . 2 .- = i[l +O(w In w)] e- 1W1

rx({)o

so that at zero frequency, U tends to infinity through purely imaginary values, asymptotical
ly given as U ~ irx({)o'

At high frequencies-short wavelengths, the equations defining /31> /32 and y2 approxi
mately become

/31, /32 = ~ /3//[1 +O(l/w)], y2 = 1+O(l/w). (58)

(59)

The large argument approximations of the quotient functions h 1(z) and k 1(z), equations
(26), from the use of the 'asymptotic expansions for large arguments of the pertinent Bessel
functions [10, item Nos. 130 and 204] are obtained as

h1(z) = i=[l-;z +O(:2)}
k 1(z) = Z[1-2~+0(:2)}
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With the application of equations (58) and (59) and the use of the asymptotic expansion
of HI (z) for large z, equation (55) gives the motion of the cylinder at high frequencies as t

~ = __1 (2)+[1 +o(~)J exp[ -i(aa+wt-n/4)]. (60)
a({)o 5nt aa w t

(61 )

In the limiting case, 1-+ 0, equation (55) with the use of approximations (37) and (39),
give the motion of the cylinder in the classical medium as

~ = 4[2-h 1(pa)] e- iwt

(tJpo examO
'

which agrees with the corresponding expression previously given by Miles [14]. The long
and short wavelengths approximations for this special case are again given by equations
(57) and (60), respectively, where now the second and higher order terms do not contain
the parameter I.

In case of an infinitely dense cylinder, s is infinite and from equation (44), (j '" 5(jl,

m '" 5nH t (exa)l5 t , and equation (55), in the limit 5 -+ 00, gives

U = O. (62)

The absolute value of the normalized displacement lu*1 = IU/p({)ol for varying a/I
is plotted in Fig. 10 for v = 0'25, 5 = 1-0 and 2-0, and exa = 0-25, 1-0 and 2-0_ The results
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FIG. 10. Motion of a rigid finitely dense circular cylinder in a field of uniaxial strain in couple-stress
medium. v = 0·25.

t The material characteristic length I does not affect the principal term.
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show that for s = 2, the couple-stress value oflu*l, depending upon the wavelength, may be
less or greater than its corresponding classical value. For s 2 and all = 3, there is an
increase of 7·2 per cent for aa = 1·0 and of to·7 per cent for aa 2·0.

(Received 29 May 1968; revised 23 September 1968)

A6cTpaKT-l1CCJlC,QOBaHHC KacaCTCll 3<P<PCKTa MOMCHTHhlX Hanp,nKcHldi Ha nOBC,ll,CHHC ,llIfHaMHqeCKHX

HanpllJKCHHH, B03HHKllllfX BOKpyr KpyrJIOH, I.\lfJIHH,llPlf'lCCKOH HHKJII03Hlf, HaXO,ll,lllllCHC$l B 6ecKOHCqHOH

cpe,ll,C, BCJIC,ll,CTBlfe ,QH<ppaK~lfH nOCO$lHHhIX, nJIOCKlfX, napaJlJICJIhHhlX, ynpyrlfx BOJIH CJKaTlfll, pacnpocT

paHllIOlllHxCll B cpeAe. HCCJIC,ll,JIOTCll nOJIOCTh H JKeCTKlfH l\HJlHHJI:P C HenO,ll,BlfJKHlfM l\HJlHH,ll,POM, paccMaT

plfBaCMhlM B Ka'lCCTBC CnC~lIaJIhHOrOCJlY'lall 3Toro nOCJIe,ll,Hero. npHBO,QllTClI, B BH,lIC KPlfBhIX, '1HCJIeHHhle

pC3yJIhTaThl, BaJKHhie npH 60JlhllllfX ,lIJIHHaX BOJlH, ,QJI 1I yCTaHOBJIeHHOrO K03</J</JH~HcHTa nyaccoHa,

KOTOPhlC YKa3hlBalOT lf3MCHeHlfC MO)J.If<plfl\HpOBaHHhlx HanpllJKCHlfH no OTHOlllCHlflO K pa3HhiM napaMcTpaM.

OHH cpaBHHBalOTcli C KJIaCCH'ICCKHMH 3HaqeHlfllMH, nOJIyqCHHhlMlI B KaqeCTBe npe,QeJIhHOrO cJIyqa$l.

B JII060M CJIyqae, np" HeKoTophlX ,ll,JIlfHaX BOJIH, nOllBJIlllOTCli XOpOlllO 3aMeTHhiC OTKJlOHCHlfli OT KJlaCC

WleCKHX pe3YJlhTaToB. 06cYJK,lIaeTC$l J<l>ljJeKT MOMeHTHhlX Hanp$lJKeHHH Ha ,lI,BHJKeHHC JKCCTKOrO l\HJIHH,lIpa.


